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The cooperative effect of Rashba spin-orbit coupling (SOC) and Coulomb attraction in stabilizing topological
spin-triplet excitonic condensates (ECs) in two-dimensional electron-hole systems in external magnetic field is
investigated by using an unrestricted Hartree-Fock approach combined with the random-phase approximation.
At weak electron-hole Coulomb interaction, the intraband Rashba SOC induces spin-momentum locking and
topological semimetal behavior, while stronger interaction stabilizes spin-triplet ECs. Increasing the valence-
band SOC drives a transition from a topologically trivial EC with coexisting spin-up and spin-down components
to a topological spin-up EC only with quantized Chern number C = 2. The dynamical excitonic susceptibility
reveals a soft spin-up triplet mode acting as the precursor of the condensate. These results establish a microscopic
mechanism for Rashba SOC-induced topological ECs and suggest realistic situations for their realization in
noncentrosymmetric Janus transition-metal dichalcogenides and twisted van der Waals heterostructures.
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I. INTRODUCTION

Topological phases of matter have fundamentally redefined
our understanding of correlated quantum systems, unveiling
a broad class of quantum states distinguished by quantized
invariants and symmetry-protected boundary modes [1–3].
In two-dimensional (2D) materials, because of the reduced
dimensionality, electronic interaction and spin-orbit coupling
(SOC) effects are amplified, rising to a rich landscape of
emergent phenomena [4–11]. Among the various SOC mech-
anisms, the Rashba type, originating from structural inversion
asymmetry [12,13], has attracted particular attention owing
to its tunability via external electric fields, strain, and sub-
strate engineering [4–7,14–16]. The Rashba SOC lifts spin
degeneracy and locks spin orientation to carrier momentum,
generating helical spin configurations and finite Berry cur-
vature in reciprocal space [4–7,17]. These Rashba-induced
spin textures thus provide a versatile framework for engineer-
ing spin-polarized sates and realizing electrically controllable
topological quantum phases [1–3].

Excitonic condensation (EC), a macroscopic quantum co-
herent state of bound electron-hole pairs, represents one of
the most intriguing collective phenomena driven purely by
Coulomb interactions [18–25]. Depending on the spin config-
uration of the constituent carriers, ECs can occur in singlet
or triplet channels, the latter being particularly compelling
for spintronic and quantum information applications [26–29].
Unlike singlet excitons that dominate in ordinary semicon-
ductors, spin-triplet excitons can support spin superfluidity
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and exhibit prolonged coherence because of suppressed radia-
tive decay, enabling dissipationless spin transport and stable
quantum coherence [30–32]. Recent theoretical works have
demonstrated that spin-triplet ECs coupled to SOC-active
band structures can host nontrivial topological order charac-
terized by Chern numbers or Z2 indices, leading to chiral
excitonic edge states and magnetoelectric responses [33–36].
However, the microscopic mechanisms through which SOC—
particularly of the Rashba type—stabilizes or reshapes
these topological triplet condensates remain only partially
understood.

In the past few years, theoretical studies have revealed that
topological spin-triplet excitonic phases can arise from several
distinct microscopic mechanisms. In geometrically frustrated
flat-band systems such as the kagome lattice, the combina-
tion of quenched kinetic energy and suppressed screening
enhances electron-hole attraction, allowing spin-triplet exci-
tons and spin superfluidity to emerge even without explicit
magnetic order [37]. On the surfaces of three-dimensional
topological insulators, Coulomb interactions acting on Dirac
quasiparticles can generate a chiral p + ip triplet EC with
fractional Chern number and parity anomaly [28]. The no-
tation p + ip refers to a chiral p-wave type structure of
the order parameter or effective pairing function in momen-
tum space, indicating that the relevant complex amplitude
transforms as px + ipy ∼ sin kx + i sin ky, which carries a
definite chirality and breaks time-reversal symmetry (TRS)
[38]. Within the Bernevig-Hughes-Zhang (BHZ) framework,
the interaction-driven condensation of excitons has been
shown to induce magnetoelectric responses and quantized
Hall effects characteristic of a topological excitonic insulator
[39]. Complementing these theoretical efforts, experimental
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observations in the ultraquantum regime of HfTe5 have pro-
vided evidence of a field-induced triplet EC, manifested
through a gap opening and vanishing Hall response [40]. Col-
lectively, these findings establish the generality of topological
spin-triplet EC across diverse materials and highlight the need
to clarify how SOC and electron-hole Coulomb attraction
cooperate to stabilize such nontrivial EC states.

Rashba SOC plays a dual role in excitonic systems. On
the one hand, it lifts spin degeneracy and entangles spin and
momentum, thereby modifying single-particle band structure.
On the other hand, in the presence of interactions, it gov-
erns the symmetry and momentum dependence of the EC
order parameter by enabling spin-triplet interband coherence
and generating chiral hybridization components [41–43]. In
2D materials such as Janus transition-metal dichalcogenide
(TMD) monolayers or twisted van der Waals heterostructures,
broken out-of-plane mirror symmetry and strong atomic SOC
naturally generate large Rashba fields that can be further tuned
by electric gating or strain [6,44]. This tunability provides
a unique avenue to engineer the relative stability between
singlet and triplet excitonic channels, as well as to manip-
ulate the topological character of the condensate [6–8,45].
Although the Rashba SOC induces spin-momentum locking
and generates nontrivial Berry curvature in momentum space,
it preserves TRS. As a result, Berry-curvature contributions
from Kramers-related states cancel, yielding a vanishing net
Chern number [1,2]. To obtain an uncompensated Berry cur-
vature and hence a topologically nontrivial spin-polarized EC,
explicit breaking of TRS is required. In our model, this is
achieved by the Zeeman term, which lifts Kramers degeneracy
and selectively polarizes the triplet excitonic channel [8,46].
When combined with an external magnetic field, Rashba SOC
further promotes spin-selective band inversion and enhances
spin polarization, thereby creating favorable conditions for
stabilizing spin-up triplet EC with finite topological invariants
[8,26]. Elucidating the microscopic mechanisms underlying
this Rashba-assisted stabilization is therefore essential for
realizing magnetically and electrically tunable topological ex-
citonic phases.

In this work, we extend our recent investigation of topo-
logical spin-triplet EC in 2D electron-hole systems [29] by
explicitly examining the impacts of intraband Rashba SOC
and Coulomb interaction. The restriction to the intraband
Rashba SOC in the present study is motivated by the fact
that the interband Rashba SOC terms are typically symmetry-
suppressed or much weaker than intraband Rashba SOC in
systems where conduction and valence bands originate from
orbitals with different parity or spatial character [47,48].
This simplification is applicable to the 1T and Janus TMDs.
Indeed, in these structures, the SOC that arises from Rashba-
type acting within the individual conduction and valence
bands is dominant as a result of broken out-of-plane mirror
symmetry [6,49]. Using an unrestricted Hartree-Fock ap-
proach (UHFA), we self-consistently evaluate spin-dependent
EC order parameters in the presence of the Rashba SOC
and external magnetic fields. The UHFA does not alter the
standard Hartree-Fock decoupling itself but removes a priori
constraints imposed on the expectation values entering the
decoupling, thereby enlarging the variational space [50,51].
The UHFA has been demonstrated to yield reliable results

at zero temperature even for systems with strong electronic
correlations [25,52–54] and has been broadly used to ex-
amine SOC-induced band inversion and related topological
phases in excitonic systems [26,41–43,55]. The topological
character of the condensate is quantified by calculating the
Chern number via the Fukui-Hatsugai-Suzuki (FHS) method
[56]. Furthermore, by employing the random phase approxi-
mation, we analyze the dynamical excitonic susceptibility to
identify spin-selective fluctuations that precede the EC states.
Our results reveal that Rashba SOC crucially enhances spin
anisotropy, stabilizes the spin-up triplet phase, and broad-
ens its topologically nontrivial region in the phase diagram.
These findings establish a direct microscopic link between
Rashba SOC and topological excitonic coherence, providing
theoretical guidance for realizing such quantum states in dis-
torted Janus TMD monolayers and twisted van der Waals
heterostructures.

This paper is organized as follows. In Sec. II, we introduce
the microscopic Hamiltonian describing the 2D electron-hole
system with intraband Rashba SOC and Coulomb interac-
tion. Section III presents the theoretical framework, where
the UHFA is applied to derive self-consistent equations for
the spin-selective EC order parameters. In this section, we
also formulate the RPA for evaluating the dynamical excitonic
susceptibility functions preceding the onset of condensation
and outline the procedure for computing the Chern number
using the FHS method. Section IV is devoted to the numerical
results and discussion, highlighting the impact of Rashba SOC
and Coulomb interaction on the topological EC states. Finally,
Sec. V summarizes the main findings and conclusions of the
work.

II. HAMILTONIAN

In order to address the impact of Rashba SOC and
Coulomb interaction on the topological EC in 2D electron-
hole systems, we begin by formulating a minimal lattice
Hamiltonian that captures the essential microscopic ingre-
dients. The model explicitly incorporates kinetic energy,
Zeeman coupling, and intraband Rashba SOC for the conduc-
tion and valence bands, together with electron-hole Coulomb
attraction responsible for excitonic pairing. The total Hamil-
tonian is written as

H = H0 + Hint, (1)

where H0 describes the single-particle contributions such as
kinetic energy, Zeeman coupling, and Rashba SOC; mean-
while, Hint accounts for the local conduction and valence
electron Coulomb interaction responsible for the exciton for-
mation. The noninteracting Hamiltonian can be written as a
sum of conduction (c) and valence ( f ) components H0 =
Hc

0 + H f
0 , where Hα

0 (α = c, f ) in lattice form is given by

Hα
0 = −tα

∑
〈i, j〉,σ

(α†
iσ α jσ + H.c.) + Eα

∑
i,σ

α
†
iσ αiσ

− μBHz

∑
i,σσ ′

α
†
iσ (σz )σσ ′αiσ ′

− iλα

∑
〈i, j〉,σσ ′

α
†
iσ [(σ × di j )z]σσ ′α jσ ′ . (2)
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Here, the operator α
†
iσ (αiσ ) creates (annihilates) an electron

with spin σ =↑,↓ on lattice site i in orbital band α = c, f .
The first term in Hα

0 describes nearest-neighbor hopping with
amplitude tα , which controls the effective bandwidth and car-
rier mobility. The second term, containing the onsite orbital
energy Eα , defines the energy position of each band. The third
term represents the Zeeman coupling of electron spins to an
external magnetic field Hz applied perpendicular to the layer,
where μB is the Bohr magneton and σz is z component of
the Pauli matrix acting in spin space. In general, a uniform
magnetic field B applied perpendicular to a lattice gives rise
to two distinct orbital effects. The first originates from the
Peierls phase associated with the magnetic flux penetrating
a unit cell, � = Ba2 (with a a lattice constant) [57]. The
second is Landau quantization, characterized by the cyclotron
energy h̄ωc = h̄B/m∗ (with m∗ the carrier effective mass)
[58]. For the atomic-scale lattices under laboratory magnetic
fields, the flux per unit cell satisfies � 	 �0 (�0 = h/e), and
the cyclotron energy remains much smaller than the electronic
bandwidth even at relatively large B. Under these conditions,
orbital effects of the magnetic field are negligible, and we
therefore consider only the Zeeman coupling in the present
analysis. This approximation captures the primary source of
spin polarization relevant to EC [4,15,16]. A full treatment
will be addressed in future studies. Finally, the fourth term
corresponds to the intraband Rashba SOCs, which arise from
the absence of structural inversion symmetry in the mono-
layer with λα is the Rashba coupling constant, di j denotes
the bond vector connecting nearest-neighbor sites i and j,
and σ = (σx, σy, σz ) is the vector of Pauli matrices [59]. The
Rashba term couples the spin degree of freedom to the carrier
momentum through the operator (σ × di j )z, thereby generat-
ing helical spin textures and lifting the spin degeneracy of the
electronic bands. In the present work, the strong Rashba-type
SOC terms are considered only within the conduction and
valence bands, reflecting the dominant spin-orbit mechanism
in noncentrosymmetric 1T -type and Janus TMDs. Interband
SOC terms are typically much weaker, since conduction and
valence orbitals originate from states of different symmetries
and parities, and their omission does not alter the qualitative
physics [6,49].

The conduction and valence electron Coulomb interaction
in the system or the interacting part of the total Hamiltonian
is given by

Hint = U
∑
i,σσ ′

c†
iσ f †

iσ ′ fiσ ′ciσ , (3)

where U is a strength of the local Coulomb interaction. In 2D
TMDs, the dominant excitonic binding arises from the strong
spatial localization of the relevant d orbitals and from reduced
dielectric screening, which make the effective interaction
highly short ranged. The on-site term, therefore, captures the
leading contribution to exciton formation. The local interband
Coulomb interaction employed here should be viewed as an
effective, screened interaction appropriate for semimetallic
and small-gap semiconducting systems, where EC arises as
a collective instability, analogous to the BCS mechanism in
superconductivity applied for Cooper pairs, rather than from
hydrogenic bound states [60]. This lattice excitonic regime,

distinct from both the Wannier and Frenkel limits, has been
extensively studied using Falicov-Kimball-type models and
provides a minimal framework for examining excitonic co-
herence [22,61,62]. The intraband Coulomb repulsion can
be generally incorporated. However, its principal effect is to
renormalize the quasiparticle dispersion and does not alter the
qualitative nature or symmetry of the condensates. It is thus
omitted for simplicity.

Using the Fourier transform, e.g., αiσ = ∑
k eikRiαkσ /

√
N

with N being the number of lattice sites, we can rewrite the
Hamiltonian in the momentum representation, such that

Hα
0 =

∑
k,σσ ′

α
†
kσ

[
εα (k) δσσ ′ − μBHz σσσ ′

z − gα (k)σσσ ′
]
αkσ ′ ,

(4)

where

εα (k) = −2tα (cos kx + cos ky) + Eα − μ, (5)

is the dispersion relation of the electrons in conduction or
valance band in 2D lattice with tight-binding approxima-
tion, μ here is the chemical potential. In Eq. (4), gα (k) =
2λα (sin ky,− sin kx, 0) and the Rashba SOC term, gα (k)σ,
induces spin-momentum locking, splitting each band into two
branches with opposite helicities [63]. This spin-split structure
produces helical Fermi surfaces and finite Berry curvature
in momentum space, laying the foundation for spin-selective
excitonic pairing and possible topological EC states [43,55].
In the momentum space, the interacting Hamiltonian reads

Hint = U

N

∑
kk′q,σσ ′

c†
k+q,σ f †

k′−q,σ ′ fk′σ ′ckσ . (6)

III. THEORETICAL APROACH

A. Unrestricted Hartree-Fock approximation

To analyze the emergence of spin-polarized EC in the
presence of Rashba SOC and Zeeman coupling, we treat the
interacting Hamiltonian within the unrestricted Hartree-Fock
approximation (UHFA). This approach allows for indepen-
dent spin-resolved EC order parameters and self-consistent
determination of the quasiparticle spectrum without imposing
any spin or symmetry constraints. Starting from the interact-
ing Hamiltonian in momentum space in Eq. (6), we perform
an unrestricted Hartree-Fock decoupling and obtain the inter-
acting Hamiltonian in the UHFA

HUHF
int = U

∑
k,σ

(n f c†
kσ ckσ + nc f †

kσ fkσ )

+
∑
k,σσ ′

(Dσσ ′ c†
kσ fkσ ′ + D∗

σσ ′ f †
kσ ′ckσ ) + const., (7)

where nα = ∑
k,σ 〈α†

kσ αkσ 〉/N is density of conduction or
valence electrons, that produces an effective shift of the
single-particle energies. The Hartree terms Unᾱ(ᾱ = f if α =
c and ᾱ = c if α = f ) in Eq. (7) represent the mean-field en-
ergy cost (or gain) arising from the average occupation of the
opposite band and thus renormalize the effective band offset.
Physically, they can substantially modify the location of band
inversion or effective band gap, and therefore influence the
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threshold interaction strength for EC. In Eq. (7), Dσσ ′ plays
the role of the EC order parameters, defined by

Dσσ ′ = −U

N

∑
k

〈 f †
kσ ′ckσ 〉, (8)

and in general, it is complex. In the basis of four-component
spinor 	

†
k = (c†

k↑, c†
k↓, f †

k↑, f †
k↓), one delievers an expression

of the effective Hamiltonian in UHFA

HUHF =
∑

k

	
†
k H	 (k) 	k, (9)

with

H	 (k) =
(

h̃c(k) D
D† h̃ f (k)

)
. (10)

Here, the block h̃α (k) represents the effective single-particle
Hamiltonian, including Rashba SOCs, Zeeman coupling and
Hartree renormalization

h̃α (k) = [εα (k) + Unᾱ]σ0 − μBHzσz − gα (k)σ. (11)

where σ0 is the 2 × 2 identity matrix. The matrix D describes
the interband electron-hole hybridization induced by the sta-
bility of EC

D =
(

D↑↑ D↑↓
D↓↑ D↓↓

)
, (12)

where each element Dσσ ′ represents the pairing amplitude
between an electron with spin σ in the conduction band and
an electron with spin σ ′ or a hole with spin −σ ′ in the valence
band. By denoting 
σσ ′ ≡ Dσ,−σ ′ , the spin configurations
of excitons would be explicitly specified. The off-diagonal
elements (D↑↓ and D↓↑) with repsect to (
↑↑ and 
↓↓) corre-
spond to triplet excitonic pairing, while the diagonal elements
describe singlet or mixed-spin pairings. In the presence of
Rashba SOC and Zeeman coupling, the spin-up triplet compo-
nent 
↑↑ is energetically favored, leading to a spin-polarized
topological EC.

Diagonalization of H	 (k) yields four quasiparticle
eigenenergies En

k and the corresponding eigenvectors

|n, k〉 =

⎛
⎜⎜⎜⎜⎜⎝

u(n)
c↑ (k)

u(n)
c↓ (k)

u(n)
f ↑(k)

u(n)
f ↓(k)

⎞
⎟⎟⎟⎟⎟⎠

, (13)

where u(n)
ασ (k) denote the α-band components of the quasipar-

ticle state. The conduction and valence band electron densities
are then evaluated as

nα = 1

N

∑
k,n

∑
σ

∣∣u(n)
ασ (k)

∣∣2
f
(
En

k

)
, (14)

where f (E ) = 1/(eE/T + 1) is the Fermi-Dirac distribution
function at temperature T . Similarly, the spin-resolved EC
order parameters are obtained as

Dσσ ′ = −U

N

∑
k,n

[
u(n)

f σ ′ (k)
]∗

u(n)
cσ (k) f

(
En

k

)
. (15)

These expressions show that both nα and Dσσ ′ are directly
constructed from the occupied quasiparticle amplitudes, mak-
ing them numerically accessible once the eigenvectors are
known.

From Eqs. (11), (12), (14), and (15), we obtain a closed set
of self-consistent equations for evaluating the spin-resolved
EC order parameters, which are solved numerically to deter-
mine the equilibrium ground state of the system. Within the
framework of the UHFA, these equations capture the essential
many-body correlations and spin selectivity induced by the
combined effects of Rashba SOCs and Coulomb interaction,
thereby providing the microscopic foundation for analyzing
the topological EC phases addressed by the Hamiltonian in
Eq. (1).

B. Random phase approximation

In order to analyze the stability of spin-polarized excitonic
states and identify the precursor collective modes, it is essen-
tial to examine the fluctuations of the spin-resolved interband
electron-hole coherence. These fluctuations are characterized
by the dynamical excitonic susceptibility tensor, which mea-
sures the linear response of the system to an infinitesimal
perturbation coupling the conduction and valence bands in
specific spin channels. By defining

Oσσ ′ (q) = 1√
N

∑
k

c†
k+q,σ fkσ ′ (16)

as an operator describing the creation of a spin-σ electron in
the conduction band and a spin-σ ′ hole in the valence band,
corresponding to an excitonic fluctuation with momentum q,
one has a spin-resolved excitonic susceptibility expression as
the retarded correlation function of interband electron-hole
pairs

χσσ ′ (q, t ) = −i�(t )〈[Oσσ ′ (q, t ),O†
σσ ′ (q, 0) ]〉. (17)

Frequency dependence the retarded correlation function
can be specified as

χσσ ′ (q, ω) ≡ 〈〈Oσσ ′ (q);O†
σσ ′ (q)〉〉ω

= −i
∫ ∞

0
dt ei(ω+i0+ )t 〈[Oσσ ′ (q, t ),O†

σσ ′ (q, 0) ]〉.
(18)

The susceptibility function χσσ ′ (q, ω) can be evaluated by
employing the equation-of-motion method, such that

ω〈〈Oσσ ′ (q);O†
σσ ′ (q)〉〉ω

= 〈[Oσσ ′ (q),O†
σσ ′ (q)]〉

+ 〈〈[Oσσ ′ (q),H];O†
σσ ′ (q)〉〉ω, (19)

where H = H0 + Hint represents the total Hamiltonian in
Eq. (1). The first term on the right-hand side corresponds to
the instantaneous commutator, while the second term gen-
erates higher-order Green’s functions coupling χσσ ′ (q, ω) to
multiparticle excitations. Within the random-phase approx-
imation (RPA), this hierarchy is truncated by decoupling
the higher-order terms into products of single-particle prop-
agators, leading to a closed matrix equation for the spin-
dependent excitonic susceptibility. The resulting χRPA(q, ω)
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encapsulates the coupled spin and orbital dynamics of the ex-
citonic fluctuations driven by Rashba SOCs and the Coulomb
interaction. By taking some tedious commutation algebra, one
finds the RPA form of the susceptibility function

χσσ ′ (q, ω) = χ0
σσ ′ (q, ω)

1 + U χ0
σσ ′ (q, ω)

, (20)

where χ0
σσ ′ (q, ω) is the bare (noninteracting) excitonic sus-

ceptibility function. In the normal state, that is constructed
from the eigenvalues and eigenvectors of H0, obtained by
diagonalizing the non-interacting Rashba-split Hamiltonian.
Denoting the eigenenergies by E0

n (k) and eigenvectors by
|n, k〉0 = (u0(n)

α↑ (k), u0(n)
α↓ (k))T , the bare (bubble) susceptibility

reads

χ0
σσ ′ (q, ω)

= 1

N

∑
kmn

κ
(nm)
σσ ′ (k, q)

[
f
(
E0

m(k)
) − f

(
E0

n (k + q)
)]

ω + i0+ + E0
m(k) − E0

n (k + q)
, (21)

where

κ
(nm)
σσ ′ (k, q) = [

u0(n)
cσ (k + q)

]2[
u0(m)

f σ ′ (k)
]2

, (22)

encodes the spin-orbit-coupled matrix elements between
conduction and valence states. This term captures the prob-
ability amplitude for creating and annihilating a spin-resolved
electron–hole pair in the Rashba-Zeeman split normal bands.

The susceptibility is evaluated on the real-frequency axis
and its imaginary part −Imχσσ ′ (q, ω)/π represents the ex-
citonic fluctuation spectrum measurable via inelastic light
scattering or electron-energy-loss spectroscopy. A strong en-
hancement or softening peak in −Imχσσ ′ (q → 0, ω) indicates
the approach to a spin-polarized excitonic condensation state.

C. Chern number

To characterize the topological properties of the spin-
polarized electron-hole system, we evaluate the Chern number
C associated with the occupied quasiparticle bands of the
diagonalized mean-field Hamiltonian H	 (k). The calculation
is performed by employing the Fukui-Hatsugai-Suzuki (FHS)
method [56], which provides a gauge-invariant discretized
formulation of the Berry curvature over the first Brillouin zone
(1BZ).

In the FHS scheme, the Brillouin zone is divided into a
mesh of discrete k points, and the Berry curvature is computed
through link variables that preserve the U (1) gauge symmetry.
For each occupied band n, the link variables along the recip-
rocal lattice directions x̂ and ŷ are defined as

U [n]
μ (k) = 〈n, k| n, k + μ̂〉

|〈n, k| n, k + μ̂〉| , (μ = x, y), (23)

where |n, k〉 is the normalized eigenvector of H	 (k) corre-
sponding to the nth occupied quasiparticle band. The inner
products are taken between neighboring k points on the dis-
cretized lattice, ensuring gauge invariance under arbitrary
local phase choices of the Bloch functions.

The lattice field strength, or discretized Berry curvature, on
each plaquette of the k mesh is then computed as

F [n](k) = ln
[
U [n]

x (k)U [n]
y (k + x̂)U [n],−1

x (k + ŷ)U [n],−1
y (k)

]
,

(24)

where the branch of the complex logarithm is chosen such that
−π < Im F [n](k) � π . This procedure defines a manifestly
gauge-invariant discretization of the Berry curvature, avoiding
ambiguities that may arise in systems with complex multiband
structures or strong SOC. The total Chern number is then
obtained by summing the Berry curvature over all plaquettes
and occupied bands

C = 1

2π i

∑
k,n∈occ

F [n](k), (25)

where the factor of i arises because F [n](k) is a purely imagi-
nary quantity on each plaquette. The summation extends over
the entire 1BZ and all occupied quasiparticle states. Note here
that, in the parameter regimes where topological properties
are evaluated, the self-consistent UHFA solutions yield either
a fully gapped quasiparticle spectrum or a weakly metallic
one, in which band crossings with the chemical potential
occur only in restricted regions of momentum space. In these
regimes, no topological phase transition or global redistri-
bution of Berry curvature between occupied and unoccupied
states takes place. Consequently, the occupied bands are well
defined and the Chern number can be computed straightfor-
wardly from the Berry curvature of the filled bands.

A nonzero Chern number signals the emergence of a
topologically nontrivial states. In the present situation, this
topological order originates from the interplay of Rashba
SOC, Zeeman splitting, and interband electron-hole coher-
ence. The Rashba term introduces a momentum-dependent
spin texture, while the Zeeman field breaks time-reversal
symmetry, enabling the formation of a quantum anomalous
excitonic insulator with quantized Hall response [34].

IV. NUMERICAL RESULTS

To investigate the impact of Rashba SOC and Coulomb
interaction on the topological properties of spin-triplet ECs,
we present in this section the numerical results for the
spin-resolved EC order parameters, the corresponding Chern
number C and then phase structures in the variation of λα

and U . The calculations are performed on a 2D square lat-
tice with N = 400 × 400 sites at zero temperature, ensuring
convergence of the self-consistent mean-field solution and
accurate Brillouin-zone integration for topological quantities.
In the calculation proceduce, the external magnetic field is
nonzero and fixed at μBHz = 1 for arbitrary choice. The hop-
ping amplitudes are set to t c = 1 as the unit of energy and
t f = −1, corresponding to a nearly mass-balanced situation
representative of TMDs [64,65]. The separation between the
centers of the conduction and valence tight-binding bands
Ec − E f = 1 is choosen placing the system in a semimetal-
lic state prior to the onset of the SOC, Coulomb interaction
and Zeeman coupling. Since each band has a bandwidth
W = 8t c in tight-binding 2D systems, the Zeeman term μBHz

should therefore be understood as an effective low-energy
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FIG. 1. Magnitude of spin-triplet EC order parameters |
σσ | (top
and middle) and Chern number C (bottom) as functions of λ f at
different values of Coulomb interaction U and λc = 0.18.

spin splitting acting near the Fermi level. Such a choice is
well motivated for narrow-band 2D systems, including van
der Waals and moiré heterostructures with strongly reduced
hopping amplitudes [66,67], and is consistent with standard
theoretical treatments of 2D topological superconducting and
excitonic phases [43,55,68,69]. The total electron density is
fixed at nc + n f = 2, corresponding to a half-filled config-
uration. The range of Rashba coefficients λα is selected to
encompass values relevant to realistic distorted Janus TMD
monolayers and twisted van der Waals heterostructures, where
inversion symmetry breaking and interfacial electric fields
generate sizable spin splittings [6].

Firstly, we address in Fig. 1 the dependence of the mag-
nitude of spin-triplet EC order parameters |
↑↑| (top panel)
and |
↓↓| (middle panel), together with the Chern number
C (bottom panel), as functions of the valence-band Rashba
SOC λ f for several Coulomb interactions U at the conduction-
band Rashba SOC λc = 0.18. Note here that, in the range of
model parameters, both magnitude of spin-singlet EC order
parameters |
↑↓| and |
↓↑| are zero and hereafter we con-
sider only the spin-triplet components. The results reveal a
delicate competition between interaction-driven hybridization
and Rashba-induced band inversion that controls both the
condensate magnitude and its topological properties. At weak
coupling (U = 1, for instance), one finds only a small dome of
nonzero |
↑↑| around low λ f , while |
↓↓| remains negligible.
Despite this weak condensate, the quasiparticle spectrum is
already topologically nontrivial, with C = 2 throughout the
range of λ f . In this limit, the Rashba energy scale exceeds

-6

-3

0

3

6

E
n k

-1 -0.5 0 0.5 1-1 -0.5 0 0.5 1
-6

-3

0

3

6

E
n k

(a) (b)

(d)(c)

n=1
2

3

4

EF

FIG. 2. Quasiparticle energies En
k as eigenvalues of the diagonal-

ized Hamiltonian along high-symmetry kx = ky direction in the 1BZ
for some values of λ f at U = 2 and λc = 0.18.

the interaction strength, and the nontrivial topology originates
primarily from spin-momentum-locked band inversion rather
than strong electron-hole binding. The EC order merely opens
a small gap within an already inverted band structure.

For moderate interactions, U ∼ 2 ÷ 3, increasing λ f grad-
ually suppresses the overall magnitude of the EC order
parameters, particularly |
↓↓|, which vanishes beyond a
critical value λc

f , for instance λc
f � 0.39 with U = 2. The sup-

pression of |
↓↓| reflects the SOC-induced momentum-space
separation of spin-split valence subbands such that spin-down
states move away from the Fermi level, reducing their overlap
with conduction-band partners. Simultaneously, |
↑↑| per-
sists, forming a spin-polarized condensate. This redistribution
of hybridization drives a topological transition. The Chern
number then steps from C = 0 to C = 2, marking the forma-
tion of a topological spin-up triplet EC. At strong coupling,
U � 4,the strong Hartree shift opens a wide but topologically
trivial gap, C = 0. This means that, although the system re-
tains a spin-polarized triplet EC, the interaction-driven gap
opening overwhelms the Rashba SOC-induced momentum-
space chirality, effectively restoring a topologically trivial
spin-polarized EC.

Figure 2 displays the quasiparticle dispersions En
k along

high-symmetry kx = ky direction for several values of the
valence-band Rashba coefficient λ f at fixed U = 2 and the
conduction-band Rashba SOC λc = 0.18. Without valence-
band SOC, i.e., at λ f = 0, the finite conduction-band Rashba
coupling breaks the spin degeneracy of the single-particle
bands. The small spin splitting slightly modifies the overlap
between conduction and valence states but does not destroy
the coherent hybridization [Fig. 2(a)]. The system thus forms
a conventional EC with a full hybridization gap at EF , where
both spin-up and spin-down triplet ECs coexist. Turning the
valence-band SOC to λ f = 0.2, signatures of the band struc-
tures remain [Fig. 2(b)]. This slightly SOC effect retains
the spin-up branch persevering a strong overlap of with the
conduction states, while the spin-down branch moves away
from the saturation that lowers the spin-down triplet excitonic
coherent state.
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FIG. 3. Momentum distribution of the real part of the
conduction-valence electron pair amplitudes dσσ ′ (k) = 〈c†

kσ fkσ ′ 〉 in
the whole 1BZ for some values of λ f at U = 2 and λc = 0.18.

Beyond the critical Rashba SOC coupling, λ f � 0.4, the
gap carried almost entirely by the spin-up quasiparticle bands
remains, whereas the spin-down conduction and valence
branches no longer hybridize appreciably [Fig. 2(c)]. As a re-
sult, the spin-down conduction band intersects the Fermi level,
producing metallic Fermi pockets while the spin-up sector
remains gapped. This spin-selective band structure signals the
onset of a topological transition driven by the imbalance be-
tween the two spin sectors. Despite the emergence of metallic
states, the occupied quasiparticle manifold retains a nontrivial
Berry curvature distribution. In particular, the Rashba SOC in-
duces strong spin-momentum locking, leading to pronounced
Berry curvature accumulation in momentum regions where
occupied states are energetically close to unoccupied bands.
The integration of the Berry curvature over the occupied
states yields a quantized Chern number C = 2 [cf. Fig. 1(c)].
At larger Rashba coupling, λ f = 0.9, for instance, the spin
texture of the valence electrons becomes increasingly non-
collinear with that of the conduction electrons, resulting in a
strong spin mismatch that suppresses the excitonic hybridiza-
tion [Fig. 2(d)]. The system thus reenters a topologically
nontrivial semimetallic phase without excitonic coherence.
In this limit, the quasiparticle spectrum is dominated by
Rashba spin-momentum locking rather than Coulomb-driven
hybridization, and the residual topology arises solely from the
single-particle SOC texture.

To elucidate the microscopic mechanism of the Rashba-
SOC driven topological EC transition, we analyze in Figs. 3
and 4 the momentum-resolved real and imaginary parts of
the interband pair amplitudes dσσ ′ (k) = 〈c†

kσ fkσ ′ 〉 for several

FIG. 4. Momentum distribution of the imaginary part of the
conduction-valence electron pair amplitudes dσσ ′ (k) = 〈c†

kσ fkσ ′ 〉 in
the whole 1BZ for some values of λ f at U = 2 and λc = 0.18.

values of the valence-band Rashba SOC λ f , at fixed U = 2
and λc = 0.18. These maps visualize the momentum-space
coherence of electron-hole hybridization for each spin channel
and reveal how SOC reorganizes both the amplitude and phase
of the EC order parameters. At low Rashba SOC, λ f � 0.2,
both Redσσ (k) and Imdσσ (k) exhibit nearly continuous rings
centered around their respective Fermi contours, correspond-
ing to the intersections of the spin-up (spin-down) conduction
and valence bands for σ =↑ (σ =↓). This structure signifies
strong, isotropic hybridization between electrons and holes
with parallel spins, forming a conventional EC in which both
spin-up and spin-down triplet components coexist. The EC
order parameters 
↑↑ and 
↓↓ are thus both finite.

Once the valence-band Rashba SOC is sufficiently large,
for instance at λ f = 0.4, a profound reorganization occurs. If
Red↑↑(k) and Imd↑↑(k) are only slightly suppressed indicat-
ing the robust of spin-up triplet EC; in contrast, the spin-down
components Red↓↓(k) and Imd↓↓(k) undergo a qualita-
tive transformation that both become antisymmetric with
respect to momentum inversion, Red↓↓(k) = −Red↓↓(−k)
and Imd↓↓(k) = −Imd↓↓(−k). Consequently, their summa-
tion over the Brillouin zone vanishes, leading to a zero net
spin-down triplet EC order parameter, 
↓↓ = 0. This antisym-
metric distribution implies that the phase of the hybridization
winds around the Fermi contour, generating localized re-
gions of enhanced Berry curvature near the momenta where
the Fermi level intersects the spin-down conduction band.
Thus, although 
↓↓ vanishes globally, the system acquires
a nontrivial topological character, C = 2. We also note that
for all values of λ f , the imaginary and real parts satisfy
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FIG. 5. The Berry curvature in the whole 1BZ for two different
values of λ f at U = 2 and λc = 0.18.

approximately Imd↓↓(k) ≈ −Red↓↓(k), which corresponds
to a complex phase shift of roughly π/2 between them, con-
sistent with a chiral p-type hybridization symmetry.

The off-diagonal components d↑↓(k) and d↓↑(k) reveal
further details of Rashba-induced spin mixing. Their real
parts are mirror-symmetric across the line kx = ky but mirror-
antisymmetric across kx = −ky, whereas their imaginary parts
exhibit the opposite symmetry, mirror-symmetric across kx =
−ky and mirror-antisymmetric across kx = ky. These opposite
symmetry relations between the real and imaginary com-
ponents indicate a phase winding structure typical of spin
momentum locked states. However, when integrated over the
Brillouin zone, their total contributions cancel, ensuring that
the spin-singlet EC order parameter remains zero. Hence, the
Rashba SOC mixes spin orientations locally in momentum
space but does not generate any net singlet pairing.

To provide direct evidence of the topological evolution of
the EC state induced by the Rashba SOC, Fig. 5 illustrates the
momentum-resolved Berry curvature, defined as the sum over
all occupied quasiparticle bands, �(k) = −∑

n ImF [n](k),
where F [n](k) is given in Eq. (24), for two values of the
interband valence Rashba SOC λ f = 0.2 (a) and λ f = 0.4
(b), at U = 2 and fixed λc = 0.18. At λ f = 0.2, �(k) ex-
hibits a clear antisymmetric momentum distribution such that
positive and negative lobes of nearly equal magnitude ap-
pear on opposite sides of the Fermi contour. This structure
originates from the phase of the hybridization between con-
duction and valence states winding in opposite directions for
the two spin channels. The associated Berry curvatures of
these helical partners are opposite in sign and is thus inte-
grated to zero over the Brillouin zone, yielding a vanishing
Chern number, C = 0. When the SOC increases to λ f = 0.4,
the stronger spin-momentum locking in the valence band en-
forces a dominant spin orientation across the Brillouin zone,
suppressing the antisymmetric Berry curvature components.
Consequently, the Berry curvature becomes uniformly posi-
tive around the Fermi contour [Fig. 5(b)]. Uniform curvature
arises from Rashba-induced spin-momentum locking in the
metallic spin-down band, which acts as the topological source
transferring Berry flux to the occupied quasiparticle states.
Integration over the Brillouin zone yields a quantized Chern
number C = 2, signifying the emergence of a topologically
nontrivial spin-polarized triplet EC state.

Figure 6 summarizes the ground-state phase diagrams in
the (λ f − λc) plane for several values of the Coulomb inter-
action U . These diagrams capture the evolution of the EC in
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FIG. 6. Ground-state phase diagram in the λ f − λc plane for
some values of Coulomb interaction U . EC stabilizing either in
topological spin-up triplet (↑↑-TEC), topological trivial spin-up and
spin-down triplet coexistence (↑↑,↓↓-EC), or conventional EC spin-
up triplet (↑↑-EC) are indicated respectively by red, orange, and
magenta region. Topological SM (TSM) and conventional SM states
are marked in light-green and white. Topological transition is marked
by the blue solid line.

the impacts of the intraband Rashba SOCs in the valence and
conduction bands, revealing the delicate interplay between
SOC-induced spin polarization and Coulomb-driven EC
coherence.

At weak interaction, for instance U = 1, Fig. 6(a) shows
that the system predominantly stabilizes in the topological
semimetal (TSM) phase for moderate and large λ f . In this
situation, the spin-split conduction and valence bands slightly
overlap, forming spin-polarized Fermi pockets. Only at small
SOC strengths does a narrow dome of spin-up triplet EC
appear near λ f � 0.2, where the Coulomb interaction over-
comes the band overlap to establish electron-hole pairing
coherence. The Chern number C = 2 in this region indicates
that the pairing occurs within an inverted spin-polarized band
structure, preserving nontrivial topology. Further suppression
of λ f or λc reduces SOC-induced band inversion, leading
eventually to a normal semimetal (SM) region with C = 0. On
the other side of small λ f but relatively large λc, the TSM state
emerges again because of strong Rashba splitting in the con-
duction band that creates partially overlapping spin-polarized
Fermi pockets.

For moderate Coulomb interaction with U = 2, the EC
becomes more robust with two distinct stabilized phases [see
Fig. 6(b)]. At low λ f , the Rashba splitting is weak, and the
spin textures of the conduction and valence bands remain
nearly symmetric. Consequently, the hybridization between
spin-parallel electron-hole pairs is nearly equivalent in the
two spin sectors, producing a full hybridization gap and a
vanishing Chern number. This situation rises a topologically
trivial EC. As λ f increases, the Rashba effect in the valence
band enhances spin-momentum locking and cants the spin
orientation away from the out-of-plane direction. This grad-
ually weakens the phase-space overlap between spin-down
electrons and holes, thereby suppressing the spin-down triplet
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state while leaving the spin-up one relatively unaffected. Once
λ f is sufficiently enlarged, the condensate becomes spin-up
polarized while the spin-down hybridization collapses. The
Rashba-induced spin-momentum locking in the metallic spin-
down band rises the nontrivial Berry curvature, forming a
topological spin-up triplet EC (TEC) with a quantized Chern
number C = 2. For even larger λ f , the Rashba splitting over-
comes the Coulomb attraction, the excitonic gap closes, and
the system evolves into the TSM state, where the Fermi-
level crossings remain spin-polarized and retain finite Berry
curvature. The progression with increasing λ f , from trivial
coexistence to topological spin-polarized condensate and fi-
nally to a Rashba-driven semimetal, thus demonstrates the
important roles of the valence-band Rashba SOC governing
the spin selectivity and topology of the EC ground state.

For stronger Coulomb interaction, such as U = 3, the
enhanced electron-hole attraction significantly stabilizes the
EC against the spin-splitting effects of the Rashba fields
[Fig. 6(c)]. In this regime, the topologically trivial EC phase
with coexisting spin-up and spin-down triplets expands to-
ward larger λ f . Once λ f becomes sufficiently large to exceed
the Coulomb-driven hybridization, the spin-down pairing
channel collapse, and the system transitions into the EC state
with spin-up polarized topological phase. This signature high-
lights the impact of electron-hole Coulomb attraction on the
onset of spin-up triplet TEC order in the variation of the
Rashba SOC-induced spin polarization. At large Coulomb
interaction, U = 4, the strong Hartree shift opens a wide
single-particle gap, and the noninteracting system effectively
becomes semiconducting [29]. Both spin-down conduction
and valence bands shift far a way from each other and ex-
citonic pairing persists only in the spin-up triplet channel.
Trivial topological character, C = 0, specifies a conventional
EC where the strong interaction overcomes SOC-induced
band inversion. Note here in the phase diagram that the con-
ventional, topologically trivial, states persist in the regime of
weak Rashba SOCs, especially at λ f = λc = 0, across the
entire range of Coulomb interactions. In this limit, the finite
magnetic field or the Zeeman term becomes dominated, align-
ing the spins of conduction and valence bands nearly parallel.
As a result, spin-momentum locking is suppressed, and the
system exhibits a trivial topology.

In order to examine the nature of the excitonic fluctuations
preceding the EC states, we evaluate the imaginary part of the
dynamical excitonic susceptibility functions at zero momen-
tum −Imχσσ ′

(ω)/π = −Imχσσ ′ (q → 0, ω) within the RPA
framework. Figure 7 presents the results of −Imχσσ ′

(ω)/π
for all spin configurations at U = 2, λc = 0.18, and λ f =
0.85, so that the system remains in SM state. Despite
the absence of long-range coherence, one finds the strong
low-energy peak in the ↑↑ channel, signaling an enhanced
low-energy electron-hole correlation between spin-up con-
duction and valence bands. This quasi-zero-frequency mode
indicates the presence of a soft excitonic fluctuation, sug-
gesting that the system lies very close to the condensation
threshold in the spin-up triplet sector. Physically, this re-
flects the combined influence of the Zeeman field and Rashba
SOC, which selectively favor spin-up band alignment and
enhance the overlap of the corresponding electron-hole wave-
functions. As a result, χ↑↑(ω) dominates the low-energy
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FIG. 7. The imaginary part of the dynamical excitonic sus-
ceptibility functions at zero momentum Imχσσ ′

(ω) for all spin
configurations at U = 2, λ f = 0.85, λc = 0.18.

response, satisfying the Stoner-like criterion for the EC in this
channel.

In contrast, the ↓↓ response exhibits only a broad, high-
energy resonance, indicating that excitations involving spin-
down carriers are strongly suppressed by spin-momentum
locking and reduced phase-space overlap. Similarly, the off-
diagonal spin susceptibilities χ↑↓ and χ↓↑ display weaker,
finite-frequency peaks originating from interband transitions
induced by the Rashba mixing between opposite spins,
but these do not approach criticality. Their spectral weight
remains confined to higher energies, confirming that the inter-
band coherence is predominantly spin-selective and driven by
the spin-up triplet channel. Therefore, even in the semimetal-
lic phase, the dominant low-energy spin-up triplet fluctuation
acts as the dynamical precursor of the topological EC ob-
served at smaller λ f or larger U .

To further elucidate the evolution of the dominant spin-
up triplet excitonic fluctuations, we focus on analyzing in
Fig. 8 the imaginary part of the spin-up triplet susceptibil-
ity −Imχ↑↑(ω)/π . For a given valence-band Rashba SOC
λ f = 0.85, Fig. 8(a) shows that, as U increases from 0 to
2, the spectral weight of the low-energy peak grows dramat-
ically and shifts toward ω = 0. This behavior indicates the
progressive softening of the spin-up triplet excitonic mode and
the enhancement of interband coherence driven by stronger
Coulomb attraction. At small U , only weak, broad particle-
hole excitations appear at finite energy, characteristic of an
uncorrelated SM. As U approaches the critical interaction
for condensation, U ≈ 2, the soft mode becomes strongly
enhanced, signifying that the Stoner-type criterion for an ex-
citonic instability is about to be fulfilled in the ↑↑ channel.
This continuous evolution clearly identifies the low-energy
↑↑ fluctuation as the collective precursor of the spin-polarized
EC.

Figure 8(b) illustrates the opposite situation obtained by
increasing valence-band Rashba SOC from λ f = 0.85 at fixed
U = 2. Here, stronger Rashba SOC suppresses the low-energy
peak intensity and slightly shifts its spectral weight to higher
energies. Physically, increasing λ f enhances spin-momentum
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FIG. 8. The imaginary part of the spin-up triplet dynamical ex-
citonic susceptibility functions at zero momentum Imχ↑↑(ω) for
different values of U at λ f = 0.85 (a) and different values of λ f at
U = 2 (b).

locking in the valence band and reduces the phase-space
overlap between spin-up conduction and valence states, weak-
ening the electron-hole correlation necessary for bound-pair
formation. As a result, the excitonic fluctuation becomes less
coherent and more damped, and the system gradually moves
away from the condensation threshold. This behavior provides
a complementary dynamical picture to the static phase dia-
gram that while larger U drives the system toward the spin-up
triplet EC, increasing λ f at fixed U tends to destabilize it by
reducing the effective binding strength.

V. SUMMARY AND CONCLUSIONS

In summary, we have systematically investigated the im-
pact of Rashba spin-orbit coupling (SOC) on topological
spin-triplet excitonic condensates (ECs) in two-dimensional
electron-hole systems in external magnetic field using an
unrestricted Hartree-Fock approach. Our results demonstrate

that the Rashba SOC acts as a key control parameter gov-
erning the spin selectivity and topology of the EC phases.
At weak Coulomb interaction, Rashba SOC dominates, pro-
ducing spin-momentum locking that yield a topological
semimetal. Increasing the interaction enhances electron-
hole binding and drives the formation of a spin-triplet EC
states. For moderate coupling, two distinct condensate phases
emerge such as a topologically trivial EC with coexisting
spin-up and spin-down triplets at small SOC and a topological
spin-up triplet EC (TEC) with a quantized Chern number
C = 2 at larger SOC. The transition between them is gov-
erned mainly by the valence-band SOC λ f , whose increase
suppresses the spin-down hybridization channel and promotes
a spin-up triplet EC. For stronger Coulomb interaction, the ex-
citonic binding energy overwhelms SOC splitting, extending
the trivial EC regime and shifting transition onset of the two
distinct condensate phases to larger SOC. Eventually, a con-
ventional, nontopological spin-up triplet EC only is restored
even at finite SOC once the Coulomb interaction is sufficiently
large.

Analysis of the dynamical susceptibilities in the frame-
work of the random phase approximation confirms that the
spin-up triplet channel hosts the dominant low-energy soft
mode, identifying it as the precursor of the TEC phase.
These findings establish that Rashba SOC and Coulomb in-
teraction jointly tune the balance between coherence and
topology, providing a microscopic mechanism for generating
spin-polarized topological ECs. The results suggest realistic
routes for realization of such phases in noncentrosymmetric
Janus transition-metal dichalcogenides and twisted van der
Waals heterostructures.
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[41] T. Hakioğlu and M. Şahin, Excitonic condensation under spin-
orbit coupling and BEC-BCS crossover, Phys. Rev. Lett. 98,
166405 (2007).
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